Integrals, Partitions, and Cellular Automata

Alexander E. Holroyd^∗ Thomas M. Liggett^† Dan Romik^‡

February 10, 2003 (revised May 4, 2003)

Abstract We prove that ∫_1 0 − log f(x) x dx = π^2 3ab where f(x) is the decreasing function that satisfies f^a − f^b = x^a − x^b, for 0 < a < b. When a is an integer and b = a + 1 we deduce several combinatorial results. These include an asymptotic formula for the number of integer partitions not having a consecutive parts, and a formula for the metastability thresholds of a class of threshold growth cellular automaton models related to bootstrap percolation.

1 Introduction

Let 0 < a < b and define f = f_{a,b} : [0, 1] → [0, 1] to be the decreasing function that satisfies

[f(x)]^a − [f(x)]^b = x^a − x^b, 0 ≤ x ≤ 1. (1)

∗Department of Mathematics, University of British Columbia, Vancouver, BC, Canada V6T 1Z2, and Department of Mathematics, UC Berkeley, CA 94720-3840, USA.

holroyd@math.berkeley.edu. Research funded in part by NSF Grant DMS–0072398.

†Department of Mathematics, UCLA, Los Angeles, CA 90095-1555, USA.

tml@math.ucla.edu. Research funded in part by NSF Grant DMS-00-70465.

‡Department of Mathematics, Weizmann Institute of Science, Rehovot 76100, ISRAEL.

romik@wisdom.weizmann.ac.il

Key words: definite integral, partition asymptotics, partition identity, combinatorial probability, threshold growth model, bootstrap percolation, cellular automaton 2000 Mathematics Subject Classifications: Primary 26A06; Secondary 05A17, 60C05, 60K35

Figure 1: An illustration of the definition of the function f.

0 u ρ f(u) 1 x y = x^a − x^b y

0

Our central result is the following.

Theorem 1 For every 0 < a < b, ∫_1 0 − log f(x) x dx = π^2 3ab . Note that x^a − x^b is increasing on [0, ρ] and decreasing on [ρ, 1] where ρ = ρ_{a,b} ∈ (0, 1) is defined by

− log ρ = log b − log a b − a (2) It follows that f is uniquely determined by the above conditions, and satisfies

f(0) = 1, f(1) = 0, f(ρ) = ρ, and f(f(x)) = x, 0 ≤ x ≤ 1.

See Figure 1.

When a is a positive integer and b = a + 1, Theorem 1 has the following consequences.

Probabilistic application. Let 0 < s < 1, and let C_1, C_2, . . . be independent events with probabilities

P_s(C_n) = 1 − (1 − s)^n

under a probability measure P_s. (We can think of C_n as the event that at least one occurs of a further set of n independent events each of probability s). Let k be a positive integer, and let A_k be the event

A_k = ∞⋂ i=1 (C_i ∪ C_{i+1} ∪ · · · ∪ C_{i+k−1})

that there is no sequence of k consecutive C_i’s that do not occur.

Theorem 2 For every positive integer k,

− log P_s(A_k) ∼ π^2 3k(k + 1) 1 s as s → 0.

The next two applications are consequences of Theorem 2.

Number-theoretic application. A partition of a positive integer n is an unordered multiset of positive integers (called parts) whose sum is n. Let p_k (n) be the number of partitions of n that do not include any set of k distinct consecutive parts. (So for example p_2(4) = 4, since the relevant partitions of 4 are (4), (3, 1), (2, 2), (1, 1, 1, 1); the partition (2, 1, 1) is not allowed because it has the 2 consecutive parts 1, 2).

Theorem 3 For every integer k ≥ 2,

log p_k (n) ∼ π √ 2 3 ( 1 − 2 k(k + 1) ) n as n → ∞.

Application to cellular automata. Threshold growth models are a class of simple cellular automaton models for nucleation and growth; see [2],[8], [9],[12] and the references therein. Elements of the two-dimensional integer lattice Z^2 are called sites. At each time step t = 0, 1, 2, . . ., a site is either active or inactive. A site z has a neighborhood N(z) ⊆ Z^2 defined by

N(z) = {z + w : w ∈ N}, where N(= N(0)) is some fixed finite subset of Z^2. We also fix an integer θ called the threshold. The system evolves over time according to the following rules.

(i) A site that is active at time t remains active at time t + 1. (ii) A site z that is inactive at time t becomes active at time t + 1 if and only if its neighborhood N(z) contains at least θ active sites at time t.

Consider the random initial state in which at time 0, each site in the L by L square {1, . . . , L}^2 is active with probability s, independently for different sites, while all sites outside the square are inactive. Let I(L, s) be the probability that every site in the square eventually becomes active. A central question is to determine for various models the behavior of the function I(L, s) as L → ∞ and s → 0 simultaneously.

Theorem 4 Let k ≥ 2 be an integer, and consider the threshold growth model with neighborhoods given by

N = N_k = { (−v, 0), (v, 0), (0, −v), (0, v) : v = 1, 2, . . . , k − 1 } and threshold θ = k. For L → ∞ and s → 0 simultaneously we have

(i) if lim inf s log L > λ then I(L, s) → 1; (ii) if lim sup s log L < λ then I(L, s) → 0,

where λ = π^2 3k(k + 1) . Further integrals. We can evaluate several other definite integrals using Theorem 1. Recall the definition of ρ in (2).

Theorem 5 For every 0 < a < b, ∫_ρ 0 − log f(x) x dx = π^2 6ab − (log ρ)^2 2 , and ∫_1 ρ − log f(x) x dx = π^2 6ab + (log ρ)^2 2 .

Define f̃ : [0, 1] → [0, 1] to be the decreasing function that satisfies

−f̃(x) log f̃(x) = −x log x, 0 ≤ x ≤ 1. (3)

Theorem 6 ∫_1 0 − log f̃ (x) x dx = π^2 3 . Theorem 7 ∫_{e−1} 0 − log f̃(x) x dx = π^2 6 − 1 2 , and ∫_1

e^{−1}

− log f̃(x) x dx = π^2 6 + 1 2 . Remarks. As we shall see in the proof of Theorem 1, the result for f_{a,b} implies that for f_{aγ,bγ} for any γ > 0 via an easy argument. The case a = 1, b = 2 is easy; in that case we have f(x) = 1 − x, and the integral in Theorem 1 is standard ([7], number 4.291.2). The case a = 2, b = 3 also has an explicit formula for f, and this was used to prove Theorem 1 in that case in [12]. Our proof of the general case uses an entirely different approach.

The case k = 2 of Theorem 3 can also be deduced from a certain partition identity (see Section 4). This raises the possibility of a family of partition identities corresponding to other values of k. If such identities could be found, they might also lead to alternative (combinatorial) proofs of Theorems 1,2. We discuss these matters in more detail in Section 4.

The case k = 2 of the threshold growth model in Theorem 4 is called bootstrap percolation. Theorem 4 was proved for that case in [12]. The general version is proved by a modification of the proof in [12], making use of Theorem 2 above to obtain the numerical value of λ. In Section 5 we give an account of the proof, omitting some of the details.

Prior to the proof in [12], even the existence of the sharp constant λ in Theorem 4 was not known. On the other hand, analogues of Theorem 4 with two different constants λ_1, λ_2 in (i),(ii) were known for a wide class of models. In some cases, the “scaling function” s log L is replaced by a different function of s, L. In particular, two-dimensional models are studied in detail in [8],[9]. For neighborhoods as in Theorem 4 and threshold k ≤ θ ≤ 2k − 2 for example, the results in those articles imply that the appropriate scaling function is s^{θ−k+1} log L. (The cases θ < k and θ > 2k − 2 turn out to be less interesting; in the former case, an active square of side k will grow forever, while in the latter case an inactive square of side k will remain inactive forever). The reason for the particular choices of N, θ in Theorem 4 is that our methods (combined with those of [12]) yield the sharp constant λ relatively easily in these cases. The extension to other N, θ remains an open problem.

2 Integrals

In this section we prove Theorems 1,5,6,7.

It suffices to prove the Theorem 1 for the case b = a + 1. To check this, suppose that it holds for a given choice of a, b. For γ > 0, let

g(x) = [f_{a,b}(x^γ )]^{1/γ}.

Replacing x with x^γ in (1), we see that

g^{aγ} (x) − g^{bγ} (x) = x^{aγ} − x^{bγ} ,

and g is decreasing, so g = f_{aγ,bγ} . Supposing that the theorem is true for f_{a,b}, we will check it for g: ∫_1 0 − log g(x) x dx = 1 γ ∫_1 0 − log f_{a,b}(x^γ ) x dx = 1 γ^2

∫_1 0 − log f_{a,b}(y) y dy = 1 γ^2 π^2 3ab = π^2 3(aγ)(bγ) . In the second step above, we have made the change of variable y = x^γ . So we may without loss of generality take

b = a + 1.

Note that in this case, ρ = a/b. We will use Γ(·) to denote the usual gamma function.

The proof of Theorem 1 is based on properties of the function

F (x) = ∞∑ ℓ=1 Γ(bℓ) Γ(aℓ)ℓ!

(x^a − x^b)^ℓ aℓ . (4)

By Stirling’s formula,

Γ(bℓ) Γ(aℓ)ℓ! ∼ ( b^b a^a

)_ℓ√ a 2πbℓ

, ℓ ↑ ∞.

Since the maximum value of x^a − x^b = x^a(1 − x) on [0, 1] is

a^a b^b , the series in (4) converges uniformly on [0, 1], and hence defines a continuous function there. Note that the same cannot be said for the series for F^′. In fact, F^′ is not continuous at x = ρ; one can show using the proposition below that F^′(ρ−) = 1/ρ and F^′(ρ+) = −1/ρ. This singularity will play an important role in the analysis. The following result contains the main properties of F that will be needed in the proof of Theorem 1.

Proposition 8 Let b = a + 1. The function F has the following properties.

(i) F (f(x)) = F (x) on [0, 1]. (ii) F (x) = − log f(x) on [0, ρ]. (iii) F (x) = − log x on [ρ, 1]. (iv) ∫_1 0 F (x) x dx = π^2 6ab . Proof. Part (i) is immediate from (1) and the fact that the series in (4) depends on x through the expression x^a − x^b. Part (ii) is a consequence of (i) and (iii). To see this, take x ∈ [0, ρ]. Then f(x) ∈ [ρ, 1]. By (iii), F (f(x)) = − log f(x). Now use (i).

Turning to the proof of (iii), define

F (z) = ∞∑ ℓ=1 Γ(bℓ) Γ(aℓ)ℓ!

(z^a − z^b)^ℓ aℓ (5) for complex z in the connected component Q of the set { z ∈ C : |z|^a|1 − z| < a^a b^b } that contains the segment (ρ, 1]. Note that Q is contained in the right half plane since for Re(z) = ρ, |z|^a|1 − z| ≥ ρ^a(1 − ρ) = a^a/b^b. Therefore z^a can be defined unambiguously on Q as an analytic function that takes the value 1 at z = 1, and F is then analytic in Q. The function − log z is also analytic in Q, and can be chosen to take the value 0 at z = 1. So, it suffices to show that F (z) = − log z in a complex neighborhood of z = 1. Write w = 1 − z, and consider the neighborhood of 0 N = { w ∈ C : (1 + |w|)^a|w| < a^a b^b } . In N,

− log(1 − w) = ∞∑ m=1 w^m m . Also, in N, the following rearrangement is justified by absolute convergence of the series involved:

F (1 − w) = ∞∑ ℓ=1 Γ(bℓ) Γ(aℓ)ℓ!

((1 − w)^aw)^ℓ aℓ = ∞∑ ℓ=1 Γ(bℓ) Γ(aℓ)ℓ! 1 aℓ ∞∑ k=0 Γ(aℓ + 1) Γ(aℓ − k + 1)k!

(−1)^k w^{k+ℓ}

= ∞∑ m=1 b_mw^m,

where b_m = m∑ ℓ=1 Γ(bℓ)(−1)^{m−ℓ} ℓ!(m − ℓ)!Γ(bℓ − m + 1) . So, it suffices to prove that b_m = 1/m for m ≥ 1.

To do so, use the property Γ(α + 1) = αΓ(α) to rewrite b_m as

b_m = m∑ ℓ=1 (−1)^{m−ℓ} ℓ!(m − ℓ)!

m−1∏ i=1 [bℓ − m + i].

The summand above that would correspond to ℓ = 0 is −1/m. Therefore, b_m = 1/m is equivalent to m∑ ℓ=0 (−1)^{m−ℓ} ℓ!(m − ℓ)!

m−1∏ i=1 [bℓ − m + i] = 0. (6)

Now write (1 − x^b)^m x = m∑ ℓ=0 ( m ℓ ) (−1)^ℓx^{bℓ−1}.

To check (6), it is then enough to show that

d^{m−1} dx^{m−1}

(1 − x^b)^m x | | | |_{x=1} = 0. Let h(x) = 1 x ( 1 − x^b 1 − x

)_m , x ≠ 1

and h(1) = b^m, so that

(1 − x^b)^m x = h(x)(1 − x)^m.

Since h is C^∞ in a neighborhood of x = 1,

d^{m−1} dx^{m−1} h(x)(1 − x)^m | | | |_{x=1} = 0

as required.

To prove part (iv) of the proposition, we use the standard beta integral ∫_1 0 u^{α1−1}(1 − u)^{α2−1}du =

Γ(α_1)Γ(α_2) Γ(α_1 + α_2)

(see [11] p148). This gives ∫_1 0 F (x) x dx = ∞∑ ℓ=1 Γ(bℓ) Γ(aℓ)ℓ!

∫_1 0 [ x^a(1 − x)

]_ℓ aℓ 1 x dx

= ∞∑ ℓ=1 Γ(bℓ)Γ(aℓ)Γ(ℓ + 1) Γ(aℓ)ℓ!(aℓ)Γ(bℓ + 1) = 1 ab ∞∑ ℓ=1 1 ℓ^2 = π^2 6ab . □

Proof of Theorem 1. As remarked at the beginning of the section, we may assume b = a + 1. By Proposition 8 (iv), it suffices to show that ∫_1 0 − log f(x) x dx = 2

∫_1 0 F (x) x dx. (7)

To do so, let

I_1 =

∫_ρ 0 − log f(x) x dx, I_2 =

∫_1 ρ − log f(x) x dx,

J_1 =

∫_ρ 0 F (x) x dx, J_2 =

∫_1 ρ F (x) x dx. By Proposition 8 (ii), I_1 = J_1. (8) Making the substitution y = f(x) and then integrating by parts gives

I_1 =

∫_1 ρ log y f^′(y) f(y) dy = −(log ρ)^2 + I_2, (9)

since the boundary term at y = 1 vanishes as a result of

f(y) ∼ (1 − y)^{1/a}, y ↑ 1.

By Proposition 8 (iii) and another integration by parts,

J_2 =

∫_1 ρ − log x x dx =

(log ρ)^2 2 . (10)

Combining (9) and (10) gives I_2 − I_1 = 2J_2, and this, together with (8), gives I_1 + I_2 = 2J_1 + 2J_2, which is (7). □

Proof of Theorem 5. This follows immediately from (9) above (which holds for all 0 < a < b) and Theorem 1. □

Proof of Theorems 6,7. We will take the limit a/b → 1 in Theorems 1,5. Let ϵ ∈ (0, 1), and write f(x) = f_{1,1+ϵ}(x) and

φ(x) = x − x^{1+ϵ} ϵ , so that by (1) we have φ(f(x)) = φ(x). (11)

Recall that φ(x) is increasing on [0, ρ] and decreasing on [ρ, 1]. Note that

φ(x) → −x log x as ϵ ↓ 0

uniformly in x ∈ [0, 1], and hence

f(x) → f̃ (x) as ϵ ↓ 0.

Note also (from (2)) that ρ ↓ e^{−1} as ϵ ↓ 0.

We will use dominated convergence. First observe (by differentiating) that φ(x) is decreasing in ϵ for each x. Hence

x − x^2 ≤ φ(x) ≤ −x log x.

Therefore there exists a fixed constant c satisfying

0 < c < e^{−1} < ρ < 1/2 < 1 − c < 1

such that for all ϵ ∈ (0, 1) we have

u/2 ≤ φ(u) ≤ √ u for u ∈ [0, c], and (1 − u)/2 ≤ φ(u) ≤ 1 − u for u ∈ [1 − c, 1].

It follows from (11) and the definition of f that there exist fixed positive constants c^′, c^{′′} with c^′ < 1/4 such that for all ϵ ∈ (0, 1) we have

f(x) ≥

1 − 2 √ x, x < c^′ c^{′′}, c^′ ≤ x ≤ 1 − c^′ (_{1−x} 2 )_2

, x > 1 − c^′.

Here, the bounds in the first and third cases are obtained by using the bounds for φ above, and solving (1 − f(x))/2 ≤ √ x and (1 − x)/2 ≤ √ f(x) respectively. Therefore for all ϵ ∈ (0, 1) we have

− log f(x) x ≤ − log(1−2 √ x) x , x < c^′ c^{′′′}, c^′ ≤ x ≤ 1 − c^′

−2 log((1−x)/2)

x x > 1 − c^′, where c^{′′′} > 0. The function on the right is integrable on [0, 1] (see [7] for example). Hence taking ϵ ↓ 0 and using the dominated convergence theorem, Theorem 6 follows from Theorem 1, and Theorem 7 follows from Theorem 5. □

One may ask what Theorem 1 yields in the limit when a/b → 0 (or ∞). In fact, it yields nothing new. Taking a → 0 with ab = 1 say, an argument similar to the above shows that the limit of the integral is π^2/3, using only the (easy) case a = 1, b = 2 of Theorem 1.

3 Probability

In this section we prove Theorem 2.

We say that a (finite or infinite) sequence of events has a k-gap if there are k consecutive events none of which occur. Thus A_k is the event that the sequence C_1, C_2, . . . has no k-gaps.

Lemma 9 Let W_1, . . . , W_n be independent events each of probability u ∈ (0, 1). Then the probability g_n(u) that the sequence W_1, . . . , W_n has no kgaps satisfies

[f_{k,k+1}(1 − u)]^n ≤ g_n(u) ≤ [f_{k,k+1}(1 − u)]^{n−k+1}.

Proof. Writing f = f_{k,k+1}(x), we have from (1) that

f^k − f^{k+1} = x^k − x^{k+1},

and rearranging gives

(f − x)f^k = (1 − x)(f^k − x^k).

Provided x ≠ ρ we have f ≠ x, so we may divide through by f − x to obtain

f^k = (1 − x)(f^{k−1} + xf^{k−2} + x^2f^{k−3} + · · · + x^{k−1}), (12)

and (12) holds when x = ρ also by continuity (or (2)).

We now prove the statement of the lemma by induction on n. For n = 0, . . . , k −1 we have g_n(u) = 1, so the statement holds because f_{k,k+1}(1−u) ∈

(0, 1). For n ≥ 0, we may compute g_{n+k} by conditioning on the first W_i to occur:

g_{n+k} = ug_{n+k−1} + (1 − u)ug_{n+k−2} + (1 − u)^2ug_{n+k−3} + · · · + (1 − u)^{k−1}ug_n = (1 − x)(g_{n+k−1} + xg_{n+k−2} + x^2g_{n+k−3} + · · · + x^{k−1}g_n),

where we have written x = 1 − u. Comparing this with (12) we deduce that if the lemma holds for g_n, . . . , g_{n+k−1} then it holds for g_{n+k} . □

Proof of Theorem 2. The idea of the proof is that when s is small, P_s(C_n) varies only slowly with n, so we may use Lemma 9 to deduce that P_s(A_k) behaves approximately like

∏_∞ n=1 f_{k,k+1}(1 − P_s(C_n)), and this in turn may be approximated using the integral in Theorem 1 (after a change of variable).

It is convenient to write

q = − log(1 − s)

so that P_s(C_n) = 1 − e^{−nq} and q ∼ s as s → 0. Note that the indicator of A_k is an increasing function of the indicators of C_1, C_2, . . ., so if we increase (respectively decrease) the probabilities of the C_i while retaining independence then we increase (respectively decrease) the probability of A_k. We write

r = ⌊s^{−1/2}⌋

and let C^+_n , C^−_n be independent events with probabilities

P_s(C^+_n ) = 1 − e^{−irq} (i − 1)r < n ≤ ir;

P_s(C^−_n ) = { s 0 < n ≤ r, 1 − e^{−irq} ir < n ≤ (i + 1)r,

for i = 1, 2, . . .. Then we have P_s(C^−_n ) ≤ P_s(C_n) ≤ P_s(C^+_n ), and so P_s(A^−_k ) ≤ P_s(A_k) ≤ P_s(A^+_k ), where A^+_k (respectively A^−_k ) is the event that the sequence C^+_1 , C^+_2 , . . . (respectively C^−_1 , C^−_2 , . . .) has no k-gaps.

Now we may bound P_s(A^+_k ) above by the probability that

for every i ≥ 1, C^+_{(i−1)r+1}, . . . , C^+_{ir} has no k-gaps.

And we may bound P_s(A^−_k ) below by the probability that

C^−_1 , . . . , C^−_r all occur, and for every i ≥ 1, C^−_{ir+1}, . . . , C^−_{ir+r−1} has no k-gaps, and C^−_{ir+r} occurs.

Hence, applying Lemma 9 and writing f = f_{k,k+1} we have

s^r ∞∏ i=1 (1 − e^{−irq})[f(e^{−irq})]^{r−1} ≤ P_s(A_k) ≤ ∞∏ i=1 [f(e^{−irq})]^{r−k+1},

hence

(r − k + 1) ∞∑ i=1 − log f(e^{−irq}) ≤ − log P_s(A_k)

≤ −r log s + ∞∑ i=1 − log(1 − e^{−irq}) + (r − 1) ∞∑ i=1 − log f(e^{−irq}). (13)

Applying the change of variable x = e^{−z} to the integral in Theorem 1 (with a = k, b = k + 1) gives ∫_∞ 0 − log f(e^{−z} )dz = π^2 3k(k + 1) , and in the special case k = 1, ∫_∞ 0 − log(1 − e^{−z})dz = π^2 6 . Using the fact that − log f(e^{−z} ) and − log(1 − e^{−z} ) are decreasing functions of z, (13) implies

r − k + 1 rq ∫_∞ rq − log f(e^{−z} )dz ≤ − log P_s(A_k) (14)

≤ −r log s + 1 rq ∫_∞ 0 − log(1 − e^{−z} )dz + r − 1 rq ∫_∞ 0 − log f(e^{−z} )dz.

Now we let s → 0. Using the facts that q ∼ s, r ∼ s^{−1/2}, and both integrals are convergent, we obtain that the upper and lower bounds in (14) are both asymptotic to 1 s ∫_∞ 0 − log f(e^{−z} )dz = π^2 3k(k + 1) 1 s , and hence the same holds for − log P_s(A_k). □

4 Partitions

In this section we prove Theorem 3.

Lemma 10 For any k ≥ 2, p_k (n) is a non-decreasing function of n.

Proof. For k ≥ 3, the following transformation defines an injection of the set of partitions of n not containing k consecutive parts into the set of partitions of n + 1 not containing k consecutive parts, thus establishing the claim. If the partition does not contain all of the numbers 2, 3, . . . , k as parts, then we may add another part equal to 1, transforming the partition of n into a partition of n + 1. If the partition does contain 2, 3, . . . , k as parts, then we may transform it into a partition of n + 1 by taking one of the parts equal to 2 and changing it into a 3. It is easy to verify that this is an injection.

It remains to prove the claim when k = 2. For that case, we define the following transformation taking partitions of n without two consecutive parts injectively into partitions of n + 1 without two consecutive parts. If the partition does not contain any 2’s, then we may add a 1. If the partition does contain 2’s, we add 3 to the largest part in the partition and remove one 2. (This fails for the special partition 2 = 2 of n = 2, for that case verify the claim directly). □

Proof of Theorem 3. Denote by

G_k(x) = ∞∑ n=0 p_k (n)x^n

the generating function of p_k (n) (k fixed). Let p(n) be the total number of (unrestricted) partitions of n, and denote its generating function

G(x) = ∞∑ n=0 p(n)x^n.

By [14], p18, we have

G(x) = ∞∏ i=1 1 1 − x^i

, 0 < x < 1. (15)

We now observe that G_k (x) is closely related to the probability P_s(A_k) in Theorem 2. Let s = 1 − x. We may write the event A_k as a disjoint union over the countable set S of all binary strings a_1a_2a_3a_4 · · · ∈ {0, 1}^N that contain only finitely many 0’s, and in which there are never k consecutive 0’s, of the event ⋂

i : a_i=1

C_i ∩ ⋂ i : a_i=0

C^c_i .

(By the Borel-Cantelli lemma, with probability one only finitely many of the C_i’s will fail to occur). Therefore

P_s(A_k) = ∑ a_1a_2a_3···∈S

P_s ( ⋂ i : a_i=1

C_i ∩ ⋂ i : a_i=0

C^c_i )

= ∑ a_1a_2a_3···∈S [ ∏ i : a_i=1

(1 − x^i) ∏ i : a_i=0

x^i ]

= [_∞ ∏ i=1 (1 − x^i) ] ∑ a_1a_2a_3···∈S ∏ i : a_i=0

x^i 1 − x^i = 1 G(x) ∑ a_1a_2a_3 ···∈S ∏ i : a_i=0

(x^i + x^{2i} + x^{3i} + · · · ) (by (15)) = G_k (x) G(x) , since on expanding out the sum of the products, the different ways to get x^n correspond exactly to partitions of n without k consecutive parts (choosing the power of x^i corresponds to choosing the number of times the part i appears in the partition). Now using Theorem 2 and the standard fact ([14], p19)

log G(x) ∼ π^2 6(1 − x)

, as x ↑ 1,

we obtain

log G_k (x) ∼ π^2 6 ( 1 − 2 k(k + 1) ) 1 1 − x as x ↑ 1.

We now use (a special case of) the Hardy-Ramanujan Tauberian Theorem [10], which says that if H(x) =

∑_∞ n=0 b_nx^n, where b_n a positive non-decreasing sequence, and log H(x) ∼ c/(1 − x) as x ↑ 1, then log b_n ∼ 2 √ cn as n → ∞.

Theorem 3 follows (using Lemma 10). □

The case k = 2 and partition identities. The special case k = 2 of Theorem 3 can be deduced (and from it the corresponding cases of Theorems 2 and 1) using the following elementary partition identity due to P. A. MacMahon ([3] p14, examples 9, 10).

The number of partitions of n not containing 1’s and not containing two consecutive parts is equal to the number of partitions of n into parts all of which are divisible by 2 or 3.

Denote by r(n) the number of such partitions of n. It is straightforward to check that r(n) ≤ r(n + 2) for all n, since given a no-ones, no-consecutive-parts partition of n one may add 2 to its largest part to turn it (injectively) into such a partition of n + 2. Furthermore, we will argue that the restriction of containing no 1’s does not influence the exponential rate of growth of the partition counting function, since we have the inequalities max { r(n − 1), r(n) } ≤ p_2(n) ≤ n∑ ℓ=0 r(ℓ). (16)

For the non-obvious part r(n − 1) ≤ p_2(n) of the lower bound, use the (injective) transformation that adds 1 to the partition if there are no 2’s, and otherwise takes a 2 and adds it, together with an additional 1, to the largest part. For the upper bound, use the transformation that takes a partition and deletes all the 1’s.

Let R(x) =

∑_∞ n=0 r(n)x^n be the generating function of r(n). By the above partition identity we have for 0 < x < 1

R(x) = ∞∏ i=0 1 (1 − x^{6i+2})(1 − x^{6i+3})(1 − x^{6i+4})(1 − x^{6i+6}) , or log R(x) = ∑ j=2,3,4,6 ∞∑ i=0 − log(1 − x^{6i+j} ).

It can be shown in a manner analogous to the asymptotic behavior of G(x) cited above that for any j ≥ 1, ∞∑ i=0 − log(1 − x^{6i+j} ) ∼ 1 6 · π^2 6(1 − x) as x ↑ 1.

Therefore, summing over j = 2, 3, 4, 6 gives

log R(x) ∼ 4 6 · π^2 6(1 − x) as x ↑ 1.

By the Hardy-Ramanujan Tauberian Theorem applied to the function R(x)+ xR(x) (the generating function of the non-decreasing sequence r(n − 1) + r(n)), we get log ( r(n − 1) + r(n) ) ∼ π 2 3 √ n as n → ∞

which by (16) gives Theorem 3 for k = 2.

Now Theorem 2 may be deduced by following the arguments of the proof of Theorem 3 in the opposite direction (with the slight adjustment of replacing P_s(A_2) with P_s(C_1 ∩ A_2) to account for the modified definition of the partitions), and Theorem 1 may be deduced by following the steps of the proof of Theorem 2 (adapted to fit the modified statement) in the opposite direction. Note also that, as a consequence of MacMahon’s identity, P_s(C_1 ∩ A_2) has the intriguing factorization

P_s(C_1 ∩ A_2) = ∞∏ k=0 (1 − x^{6k+1})(1 − x^{6k+5}) = (1 − x)(1 − x^5)(1 − x^7)(1 − x^{11}) · · ·

(where again x = 1 − s). Can this fact be given a direct probabilistic proof?

We remark finally that, in light of the above argument and the neat form of the exponential growth constant for p_k (n) in Theorem 2, it is tempting to conjecture the existence of partition identities for other integer values of k that would give an alternative proof of Theorem 3 (and therefore of Theorems 2 and 1) for integer a = k and b = a + 1. This would imply, by analytic continuation, the general case of Theorem 1, thus giving an independent proof of Theorem 1. Presumably, such partition identities would equate the number of partitions of n not containing k consecutive parts and possibly satisfying some other “mild” conditions, with the number of partitions of n whose parts satisfy some congruence restrictions modulo k(k + 1) (there should be two forbidden congruence classes) and other mild restrictions. The discovery of such identities would be an interesting positive use of partition asymptotics in the study of partition identities. See [6] for an example of a negative use of partition asymptotics, where they were used to prove the nonexistence of certain partition identities. Also, see [4], [5], [13] for discussion of connections between partition theory and various models in geometric probability, random matrix theory and statistical mechanics.

5 Cellular Automata

In this section we describe the proof of Theorem 4. The argument is a modification of that in [12]. We therefore omit many of the details, concentrating instead on the differences compared with [12]. The basic strategy is as follows. Roughly, an L by L square will become fully active if and only if it contains at least one “nucleation center”. A nucleation center should be thought of as a local configuration of active sites that will grow to occupy the entire square. One way for a nucleation center to occur involves the occurrence of (two independent copies of) the event A_k in Theorem 2. Hence the estimate of P_s(A_k) in Theorem 2 leads to the value of λ. The above ideas lead to the bound Theorem 4 (i). Most of the work in [12] is in the proof of the bound (ii), which involves ruling out the possibility of other types of nucleation center with substantially higher probabilities than the event described above.

The following set-up will be convenient. Let X be a random subset of Z^2 in which each site is independently included with probability s. More formally, denote by P_s the product probability measure with parameter s on the product σ-algebra of {0, 1}^{Z2} , and define the random variable X by X(ω) = {x ∈ Z^2 : ω(x) = 1} for ω ∈ {0, 1}^{Z2} . A site x ∈ Z^2 is said to be occupied if x ∈ X.

Consider the threshold growth model as in Theorem 4. For a set of sites K, let ⟨K⟩ denote the set of eventually active sites if we start with K as the set of initially active sites. We say that a set K ⊆ Z^2 is internally spanned if ⟨X ∩ K⟩ = K. A rectangle is a set of sites of the form R(a, b; c, d) := {a, . . . , c} × {b, . . . , d}; in particular we write R(c, d) = R(1, 1; c, d). Thus

I(L, s) = P_s ( R(L, L) is internally spanned ) .

Lower bound. Theorem 4 (i) is a consequence of the following lemma, which is the analogue of Theorem 2 (i) in [12].

Lemma 11 lim sup s→0 sup_{m≥1} −s log I(m, s) ≤ 2λ.

(Here λ is as in Theorem 4). Theorem 4 (i) is deduced from Lemma 11 exactly as in the proof of Theorem 1 (i) in [12], which in turn is based on an argument in [2]. The ideas are as follows; see [12] or [2] for more details. Let S = S(L, s) be the event that R(L, L) contains an internally spanned square of side ⌊s^{−3}⌋. The lemma implies easily that for L, s as in Theorem 4 (i) we have P_s(S) → 1. On the other hand it may be shown that

P_s ( R(L, L) is internally spanned | S ) → 1,

proving the required result. Next we turn to the proof of the lemma.

Proof of Lemma 11. Let H = H(m) be the event that all the following occur:

all sites in R(k, k) are occupied,

the sites (m, 1), (1, m) are occupied,

C_1, . . . , C_{m−k−1} has no k-gaps,

C^′_1, . . . , C^′_{m−k−1} has no k-gaps,

where C_i is the event that (k + i, j) is occupied for some 1 ≤ j ≤ i, and C^′_i is the event that (j, k + i) is occupied for some 1 ≤ j ≤ i. See Figure 2. If H occurs then R(m, m) is internally spanned; to check this note that we may find an increasing sequence of internally spanned rectangles R(i, j) with i, j ∈ [k, m] and |i − j| ≤ k, starting with R(k, k) and ending with R(m, m). On the other hand, we have

P_s(H) ≥ s^{k2+2}P_s(A_k)^2

where P_s(A_k) is as in Theorem 2. Therefore applying Theorem 2 yields the result. □

Figure 2: An illustration of the event H with k = 3, m = 12.

Upper bound. We now turn to the proof of Theorem 4 (ii). We start by defining a new cellular automaton model called the enhanced model. We will explain how to prove the statement in Theorem 4 (ii) for the enhanced model, and this will imply the statement for the original model.

For a finite set of sites F , let R(F ) be the smallest rectangle containing F . Recall the definition of N_k in Theorem 4. The enhanced model is defined by the following rules.

(i) A site that is active at time t remains active at time t + 1. (ii) For any site z, if F is any set of k sites in N_k (z) that are active at time t, then all sites in R(F ) are active at time t + 1.

(iii) For any site z^′, if F^′ is any set of two sites in N_2(z^′) that are active at time t, then z^′ is active at time t + 1.

(iv) Otherwise, inactive sites remain inactive.

We define ⟨·⟩ and internally spanned for the enhanced model in the same way as for the original model. It is clear that any set that is internally spanned for the original model is internally spanned for the enhanced model. Hence it is sufficient to prove that the statement in Theorem 4 (ii) holds for the enhanced model. On the other hand, the enhanced model has the following useful property not shared by the original model: if K is a connected set of sites (in the sense of nearest neighbor connectivity on Z^2) then ⟨K⟩ = R(K). Furthermore, the rectangle R(F ) in (ii) is of course connected.

We work with the enhanced model from now on, and our goal is to prove the statement in Theorem 4 (ii). (As a consequence, both parts of Theorem

4 hold for both the enhanced model and the original model, with the same λ. This is in contrast with the situation for critical probabilities of percolation models, where any “essential enhancement” of a model strictly lowers the critical probability; see [1]). The proof follows the lines of [12], and uses the following four lemmas, which we prove below. The first three are deterministic properties of the enhanced model, and are analogues of Lemmas 9,10 and Proposition 30 in [12] respectively.

Lemma 12 For the enhanced model, if a rectangle is internally spanned then it has no k consecutive unoccupied columns and no k consecutive unoccupied rows.

The long side of a rectangle R = R(a, b; c, d) is defined as long(R) = max{c − a + 1, d − b + 1}.

Lemma 13 Let ℓ be a positive integer and let R be a rectangle satisfying long(R) ≥ ℓ. For the enhanced model, if R is internally spanned then there exists an internally spanned rectangle R^′ ⊆ R with long(R^′) ∈ [ℓ, 2ℓ + 2k].

For rectangles R, R^′ we write dist(R, R^′) = min{‖x − x^′‖_∞ : x ∈ R, x^′ ∈ R^′}.

Lemma 14 Let R be a rectangle with |R| ≥ 2. For the enhanced model, if R is internally spanned then there exist distinct non-empty rectangles R_1, . . . , R_r, such that

(i) 2 ≤ r ≤ k (ii) the strict inclusions R_i ⊂ R hold for each i, (iii) ⟨R_1 ∪ · · · ∪ R_r⟩ = R(R_1 ∪ · · · ∪ R_r ) = R, (iv) dist(R_i, R_j ) ≤ 2k for each i, j,

(v) R_1, . . . , R_r are disjointly internally spanned; that is, there exist disjoint sets of occupied sites K_1, . . . , K_r with ⟨K_i⟩ = R_i for each i.

Lemma 15 For k ≥ 1, the function f_{k,k+1} is continuously differentiable and concave.

Once Lemmas 12–15 are established, the proof of Theorem 4 (ii) for the enhanced model requires only minor modifications to the proof in [12], so we omit the details. The main modifications are as follows, referring to the terminology in that article. The definition of a rectangle being “horizontally (respectively vertically) traversable” should be replaced with statement that no k consecutive columns (respectively rows) are unoccupied. The function “g(z)” in [12] should be replaced with − log f_{k,k+1}(e^{−z} ) in our notation (as in the proof of Theorem 2). The variational principles in Section 6 of [12] require that this function be convex; this follows from Lemma 15. Finally, in the definition of a “hierarchy”, a vertex may have up to k children (corresponding to having up to k rectangles in Lemma 14 above), and a vertex is declared a “splitter” if it has two or more children.

Finally we give proofs of Lemmas 12–15.

Proof of Lemma 12. Suppose that a rectangle R has k consecutive unoccupied columns, say. Then it is easy to see that even if all other sites in R is occupied, then no site in these columns lies in ⟨R⟩. □

Proof of Lemma 13. This is a straightforward corollary of Lemma 14. Apply Lemma 14 to R, choose the resulting rectangle R_i with the longest long side, then apply the lemma again to R_i, and so on, until the required R^′ is obtained. □

Proof of Lemma 14. The proof is adapted from [12]. Let K = R ∩ X. By assumption we have ⟨K⟩ = R. We will construct ⟨K⟩ via the following algorithm. We introduce a new time parameter T not directly related to t in the definition of the model. For each time step T = 0, 1, . . . , τ , we shall construct a collection of m_T rectangles R^T_1 , . . . , R^T_{mT} , and corresponding sets of sites K^T_1 , . . . , K^T_{mT} , with the following properties:

(i) K^T_1 , . . . , K^T_{mT} are pairwise disjoint; (ii) K^T_i ⊆ K; (iii) R^T_i = ⟨K^T_i ⟩;

(iv) if i ≠ j then R^T_i ⊈ R^T_j ;

(v) K ⊆ U^T ⊆ ⟨K⟩, where

U^T :=

m_T⋃

i=1 R^T_i .

Initially, the rectangles and sets of sites are just the individual sites of K. That is, let K be enumerated as K = {x_1, . . . , x_n}, and set m_0 = n and R^0_i = K^0_i = {x_i}, so that in particular

U^0 = K.

The final set of rectangles will have the property that

U^τ = ⟨K⟩ = R. (17)

We call a set of distinct rectangles {R_1, . . . , R_r} a clique if they satisfy conditions (i) and (iv) in Lemma 14, and in addition ⟨R_1 ∪ · · · ∪ R_r⟩ = R(R_1 ∪ · · · ∪ R_r). The algorithm proceeds as follows. Suppose R^T_1 , . . . , R^T_{mT} and K^T_1 , . . . , K^T_{mT} have already been constructed.

Step (I). If there does not exist a clique among R^T_1 , . . . , R^T_{mT} , then stop, and set τ = T .

Step (II). Suppose there does exist a clique; after reordering indices if necessary, denote it R^T_1 , . . . R^T_r . Write R^′ = ⟨R^T_1 ∪· · ·∪R^T_r ⟩ = R(R_1∪· · ·∪R_r), and K^′ = K^T_1 ∪ · · · ∪ K^T_r .

Step (III). Construct the state (R^{T +1}_1 , K^{T +1}_1 ), . . . , (R^{T +1}_{mT +1} , K^{T +1}_{mT +1} ) at time T + 1 as follows. From the list (R^T_1 , K^T_1 ), . . . , (R^T_{mT} , K^T_{mT} ) at time T , delete every pair (R^T_l , K^T_l ) for which R^T_l ⊆ R^′. This includes (R^T_i , K^T_i ) for i = 1, . . . , r, and may include others. Then add (R^′, K^′) to the list.

Step (IV). Increase T by 1 and return to Step (I).

It is straightforward to see that properties (i)–(v) are preserved by this procedure. Also m_T is strictly decreasing with T , so the algorithm must stop eventually. We must check that (17) is satisfied. Suppose not; then there exists a site in R \ U^τ which would become active in one step of the enhanced model if we start with U^τ active. Hence there exist z, F or z^′, F^′ as in rules (ii),(iii) of the enhanced model. But the sites of F or F^′ must lie in at most k different rectangles R^τ_1 , . . . , R^τ_r say; then it is easy to see that these rectangles form a clique, so the algorithm should not have stopped. We claim that furthermore we must have m_τ = 1 and R^τ_1 = R. If not, since U^τ = R, there must exist two distinct rectangles R^τ_i , R^τ_j whose union is connected, but these two form a clique, so again the algorithm should not have stopped.

Finally, considering the last time step of the algorithm (from time τ − 1 to time τ ) we obtain a set of rectangles with all the required properties. □

Proof of Lemma 15. It is sufficient to check the following

(i) f^{′′}(x) ≤ 0 for x ≠ ρ, (ii) f^′ is continuous at ρ.

Let ϕ(x) = x^k(1 − x), so that ϕ(x) = ϕ[f(x)], and recall that ϕ^′(x) = 0 only at x = ρ = k/(k + 1). Differentiating ϕ(x) = ϕ[f(x)] twice gives for x ≠ ρ:

f^′(x) = ϕ^′(x) ϕ^′[f(x)]

, (18)

f^{′′}(x) = ϕ^{′′}(x) − ϕ^{′′}[f(x)][f^′(x)]^2 ϕ^′[f(x)] = [ϕ^′(x)]^2 ϕ^′[f(x)] [ ψ(x) − ψ[f(x)] ] , where ψ(x) = ϕ^{′′}(x) [ϕ^′(x)]^2 = k x^k

(k − 1) − (k + 1)x [k − (k + 1)x]^2 . We have ϕ^′(f(x)) < 0 for x < ρ and ϕ^′(f(x)) > 0 for x > ρ, therefore to prove (i) we need to show that

ψ(x) ≥ ψ[f(x)] for 0 ≤ x < ρ (19) and ψ(x) ≤ ψ[f(x)] for ρ < x ≤ 1.

Since f[f(x)] = x, these two statements are equivalent, so we will prove the first.

The first observation is that ψ is decreasing on [0, ρ) and increasing on (ρ, 1]. To see this, compute

ψ^′(x) = k x^{k+1} k − 1 + (k + 1)[(k + 1)x − (k − 1)]^2 [x(k + 1) − k]^3 , and note that the numerator is nonnegative for all x and the denominator is negative for x < ρ and positive for x > ρ. This immediately gives (19) for 0 ≤ x ≤ (k − 1)/(k + 1) < ρ:

ψ(x) ≥ ψ ( k − 1 k + 1 ) = 0 > −2k = ψ(1) ≥ ψ[f(x)].

To prove (19) for (k − 1)/(k + 1) ≤ x < ρ, we need the following two facts:

ϕ(ρ − σ) ≥ ϕ(ρ + σ) and ψ(ρ − σ) ≥ ψ(ρ + σ) (20)

for 0 < σ ≤ 1/(k + 1). Before checking this, we will show that they imply (19) for (k − 1)/(k + 1) ≤ x < ρ. Let x = ρ − σ, so that 0 < σ ≤ 1/(k + 1). Then f(x) ≤ ρ + σ = 2ρ − x by the first statement in (20). Using the second statement and the fact that ψ is increasing on (ρ, 1] then gives

ψ(x) = ψ(ρ − σ) ≥ ψ(ρ + σ) ≥ ψ[f(x)].

It remains to check (20). A little algebra shows that

ψ(ρ − σ) − ψ(ρ + σ) = ρ σ^2 ϕ(ρ − σ) − ϕ(ρ + σ) (ρ^2 − σ^2)^k , so the two statements in (20) are equivalent. To check the first, compute d dσ [ ϕ(ρ − σ) − ϕ(ρ + σ) ] = σ(k + 1) [ (ρ + σ)^{k−1} − (ρ − σ)^{k−1} ] , so that ϕ(ρ − σ) − ϕ(ρ + σ) is increasing in σ. Since this quantity is zero when σ = 0, it follows that it is nonnegative for 0 < σ ≤ 1/(k + 1).

We have established (i). This implies that the limits f^′(ρ+), f^′(ρ−) exist (but are possibly infinite); to check (ii) it remains to show that they are equal. Since ϕ^{′′} is continuous and non-zero at ρ, applying l’Hôpital’s rule to (18) gives

f^′(ρ−) = ϕ^{′′}(ρ−) ϕ^{′′}(ρ+)f^′(ρ−) = 1 f^′(ρ−)

, (21)

And similarly for f^′(ρ+). But f is decreasing, so we must have f^′(ρ−) = f^′(ρ+) = −1. □

Acknowledgements

Alexander Holroyd thanks Laurent Bartholdi and Yuval Peres for valuable discussions. We thank the referee for helpful comments.

References

[1] M. Aizenman and G. Grimmett. Strict monotonicity for critical points in percolation and ferromagnetic models. Journal of Statistical Physics, 63:817–835, 1991.

[2] M. Aizenman and J. L. Lebowitz. Metastability effects in bootstrap percolation. J. Phys. A, 21(19):3801–3813, 1988.

[3] G. E. Andrews. The Theory of Partitions, volume 2 of Encyclopedia of Mathematics and its Applications. Addison-Wesley, 1976.

[4] G. E. Andrews. The reasonable and unreasonable effectiveness of number theory in statistical mechanics. Proceedings of Symposia in Applied Mathematics, 46:21–34, 1992.

[5] J. Baik, P. Deift, and K. Johansson. On the distribution of the length of the second row of a Young diagram under Plancherel measure. Geom. Funct. Anal., 10(4):702–731, 2000.

[6] C. H. Brenner. Asymptotic analogs of the Rogers-Ramanujan identities.

J. Comb. Theory Ser. A, 43:303–319, 1986.

[7] I. S. Gradshteyn and I. M. Ryzhik. Table of integrals, series, and products. Academic Press, New York, 1965.

[8] J. Gravner and D. Griffeath. First passage times for threshold growth dynamics on Z^2. Ann. Probab., 24(4):1752–1778, 1996.

[9] J. Gravner and D. Griffeath. Scaling laws for a class of critical cellular automaton growth rules. In Random walks (Budapest, 1998), pages 167– 186. János Bolyai Math. Soc., Budapest, 1999.

[10] G. H. Hardy and S. Ramanujan. Asymptotic formulae for the distribution of integers of various types. Proc. London Math. Soc., Ser. 2, 16:112–132, 1918. Reprinted in The Collected Papers of G. H. Hardy, vol. 1, 277-293.

[11] P. G. Hoel, S. C. Port, and C. J. Stone. Introduction to probability theory.

Houghton Mifflin Co., Boston, Mass., 1971. The Houghton Mifflin Series in Statistics.

[12] A. E. Holroyd. Sharp metastability threshold for two-dimensional bootstrap percolation. Probability and Related Fields, 125:195–224, 2003.

[13] K. Johansson. Shape fluctuations and random matrices. Comm. Math.

Phys., 209(2):437–476, 2000.

[14] D. J. Newman. Analytic Number Theory. Number 177 in Graduate texts in mathematics. Springer-Verlag, 1998.